The Bäcklund transformations and the superposition formulas for two subequations of the general elliptic equation are constructed from the Riccati equation by using an indirect mapping method. The thirty-six previously known solutions of the general elliptic equation are proved to be equivalent to the another ten solutions. The classification of solutions for the general elliptic equation is obtained based on the equivalence relations. The general elliptic equation expansion method with new classified solutions are used to obtain abundant new exact traveling wave solutions of a modified Camassa-Holm equation.
Introduction
Seeking exact solutions of nonlinear evolution equations (NLEEs) is a practical and attractive problem in mathematical physics and nonlinear science. People have made continuous effort on the problem and various direct methods have been proposed to construct exact solutions for NLEEs. Among them the Jacobi elliptic function expansion method [1] ,the F-expansion method [2] ,the auxiliary equation method [3] and the sub-equation method [4, 5, 6 ] are related to the general elliptic equation of the form [7, 8, 9, 10, 11, 12] 2 were employed in the Jacobi elliptic function expansion method to seek the snoidal wave solutions and the cnoidal wave solutions of NLEEs,respectively. The F-expansion method for seeking twelve types of Jacobi elliptic function solutions of NLEEs was proposed by using the following sub-equation
Another sub-equation [13, 14, 15, 16, 17, 18, 19, 20, 21 ]
or
were used in the auxiliary equation method to find different types of exact traveling wave solutions of NLEEs simultaneously. Because of Eq. (3) and Eq.(4) can be transformed into each other by the transformation
so we only need to study Eq. (3) .In addition,the following sub-equations [22, 23, 24 ]
were also widely applied to seek exact traveling wave solutions of NLEEs. The Eq.(1) generalized to the case of involving six degree nonlinear term was also studied by many authors [25, 26, 27, 28, 29, 30, 31] , but according to the relation (5) their results can be converted into the case of Eq. (3) . All these facts show that the Eq.(1) has a strong application background and its solutions are worth to further study. At present, in the area of studying exact solutions of Eq.(1),there exist some problems such as (1) Many different solutions have been constructed and some of them are found to be equivalent,but these equivalence relations have not been proved.
(2) The classification of its solutions is not given.
(3) Its theoretical system such as the Bäcklund transformation (BT) and the superposition formula (SF) has not been established.
For this reason,the paper aims to give a systematic study of Eq.(1) and try to solve the problems in a comprehensive way. This effort lead us to organize the paper as follows. In Sec.2,we shall construct the BT and the SF for the sub-equations of Eq.(1).This lead us to construct the BT and the SF of Eq.(3) and Eq.(7) from the Riccati equation in terms of an indirect mapping method. In Sec.3,we shall give the proof of the equivalence relations of the known solutions for Eq.(1). As a result,the thirty six previously known solutions are proved to be equivalent to the another ten solutions for Eq.(1). In Sec.4,we shall give the classification of the solutions for Eq.(1).It is shown that the solutions of Eq.(1) are classified into five classes which consist of thirty eight independent solutions. In Sec.5,we shall construct abundant new exact traveling wave solutions for the modified Camassa-Holm equation by means of the general elliptic equation expansion method.Sec.6 is devoted to concluding remarks.
For c 2 > 0, c 3 = 0,it yields from the Lemma 1 that
The above obtained results on the equivalence relations for solutions of Eq.(3) are consistent with the Liu's results [33, 34] , but our proofs are more simple and clear than that of Liu's proofs because the proving processes have been simplified by the above four Lemmas. We next consider the following four solutions [35] 
However,for c 2 > 0,the condition ∆ > 0 yields that A 2 < B 2 and A < B. And the condition ∆ < 0 gives that A 2 > B 2 and A > B. Therefore,when c 2 > 0,it follows from the Lemma 3 and the Lemma 2 that
where 
where
For ∆ > 0, c 2 < 0 we obtain from the Lemma 4 that
Third we turn to consider the eight solutions listed in Table 3 which were obtained by Yang et al [36] . 
Using the definition of the hyperbolic functions and trigonometric functions, the formulas (26) and (27),we find that
Proceeding as before, we can easily prove that
Corresponding to the case c 4 = 0, we shall now prove the following two solutions [37] of Eq.(3)
following solutions
. Thus,the condition δ > 0 gives that A 2 < B 2 ,and the condition δ < 0 implies that A 2 > B 2 .Hence,for c 0 > 0, c 2 > 0 we obtain from the formulas (26),the Lemma 3 and the Lemma 2 that
Using the identities (27) and the Lemma 4 yields
.Therefore,from the condition δ > 0 we obtain that A 2 < B 2 and A < B,and the condition δ < 0 implies that A 2 > B 2 and A > B.Hence,it follows from the Lemma 3 and the Lemma 2 that
Using sinh x + cosh x = e x and the Lemma 1,we obtain
The following identities are useful to prove the equivalence relations for solutions of the auxiliary equations and we can prove these identities by means of the trigonometric and hyperbolic function identities with the aid of some direct calculations.
tan η + sec η = tan
tanh η + isechη = tanh
, tanh η − isechη = coth
Now the identities (28), (29), (30) and the trigonometric identities are employed to obtain 
In accordance with the transitivity,we have proved the equivalence relations , 12) and
For the following two solutions [7] of Eq.(7)
we have y 1 (ξ) = F 8 (ξ)| ε=1 and y 2 (ξ) = F 8 (ξ)| ε=−1 which can be obtained by substituting the identity sinh
cosh √ c 2 ξ − 1 into y 1 (ξ) and y 2 (ξ).
The classification of the solutions
The classification of the solutions of Eq. (1) is very important to clarify whether the solutions given in literatures are new or equivalent in the sense of wave translation.If this problem is clear then we can choose the new solutions and avoid the repeated solutions effectively. Based on the equivalence relations of the solutions for Eq.(1) as proved in Sec.3,by removing all those repeated solutions and collecting the simple independent solutions presented in the literatures, we now conclude that the solutions of Eq.(1) can be classified into six classes such as the hyperbolic function solutions,the trigonometric function solutions,the elliptic function solutions,the exponential function solutions,the polynomial solutions and the rational solutions.In other words, the six classes of solutions containing thirty eight independent solutions can be divided into the five cases as below.
Case 1 c 0 = c 1 = 0. Case 2 c 3 = c 4 = 0.
Case 3 c 1 = c 3 = 0. where
Case 4 c 2 = c 4 = 0.
Case 5 c 0 = 0. , c 2 =
As an illustrative example below we consider the modified Camassa-Holm (mCH) equation in the form
was due to Wazwaz [39] obtained by using the term u 2 u x instead of the nonlinear convection term uu x in Camassa-Holm equation. Wazwaz [39, 40] also found some exact traveling wave solutions of wave speed c = 1/2, 1, 2 for Eq.(31).Some traveling wave solutions of wave speed c = 1/3 and some peakon solutions of wave speed c = 3 for Eq.(31) were obtained by Wang and Tang in [41] . A rational solution and more exact traveling wave solutions of Eq. (31) were also constructed by Liang and Jeffrey in [42] .
In the present paper we are interested in finding more new exact traveling wave solutions for Eq.(31) through use of the general elliptic equation expansion method equipped with our new classified solutions in Sec. 4 . In order that we make the wave transformation u(x, t) = u(ξ), ξ = x − ωt and change the Eq.(31) into the form
According to the balancing principle to balance uu ′′′ with u 2 u ′ yields m = 2, therefore the Eq.(32) admits the solution in the form
where F (ξ) expresses the solution of Eq.
(1) and a k (k = 0, 1, 2) are constants to be determined. Substituting (33) into (32) along with Eq.(1) and setting the coefficients of F j F ′ (j = 0, 1, 2, 3, 4, 5) to zero,we obtain the following set of algebraic equations 
Inserting (35)- (41) together with the solutions given by Case 1 into (33),we obtain the exact traveling wave solutions of Eq.(31) as follows 
which leads the Jacobian snoidal wave solution of Eq.(31) as 
We constructed the BT and the SF of two kinds of sub-equations for Eq.(1) in terms of the indirect mapping method for simplicity.As a matter of fact, we can establish the BT and the SF for most of those sub-equations for Eq.(1) by the elementary integration method which were not considered here and will be reported elsewhere.It is also clear that the new solutions of Eq.(1) obtained from the BT or SF can also be used to find new solutions of NLEEs which is under consideration.But an open problem as how to construct multiple traveling wave solutions of NLEEs from the solutions of NLEEs obtained by using the auxiliary equations is to be solved. It should be noticed that the four lemmas presented in Sec.3 can be widely used to prove the equivalence relations of numerous solutions for other auxiliary equations.At the same time,the four lemmas can also be applied to prove the equivalence relations of some direct methods. Therefore,the proof of the equivalence relations of solutions for the auxiliary equations is more important than that of discussing the equivalence relations of those obtained solutions for a given nonlinear equation.This is the reason why we studied the equivalence relations of solutions for Eq.(1) here in detail.
In Sec.5 we obtained some exact traveling wave solutions of wave speed defined on the region ω ∈ (0, 3) and ω ∈ (−∞, 0) ∪ (3, +∞) for mCH equation that was not considered and obtained before so they are the new solutions for mCH equation.Although some of them are same in form but they are obtained by using different conditions and therefore they can be regarded as new solutions as well.In the limit of m → 1,the solitary wave solutions for mCH equation can be obtained from the Jacobian elliptic function solutions constructed in Sec.5, and which were omitted.
